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Variable-Metric Algorithm Employing
Linear and Quadratic Penalties

~Henry J. Kelley* and Leon Leftont
Analytical Mechanics Associates, Inc., Jericho, New York

and

Ivan L. Johnson, Jr.i
NASA Johnson Space Center, Houston, Texas

A variable-metric algorithm is described which makes use of both linear and quadratic penalty terms for han-
dling nonlinear constraints, and employs both projection and penalty features. Quadratic penalty coefficients
are adjusted in a process that attempts to maintain a positive-definite matrix of second partial derivatives of the
function, including penalty terms, without generating the large positive eigenvalues that traditionally attend the
use of quadratic penalties, which cause zigzagging and slowed convergence. The schemes contemplated make use
of inferred second-order properties, not only in terms of the variable metric of DFP (or its relatives), but by
estimation of second directional derivatives, by fitting cubics to various functions along directions of search.
Some experiments are described with a simple constrained-minimum problem contrived to offer difficulties with
methods that use only linear penatlties, hence taxing the quadratic-penalty-adjustment procedure.

Introduction

HE arrival of variable-metric parameter optimization,

the Davidon-Fletcher-Powell algorithm! and its relatives,
literally revolutionized numerical optimization in the sixties.
Even variational problems, crammed into the mold by
sometimes awkward parameterizations, were treated handily
by DFP in completion of various sophisticated continuous-
control algorithms. The key to success is the superficially
first-order character of the technique—only first partial
derivatives need be generated explicitly—together with speed
and the sureness of convergence accomplished by inference of
second-order properties.

However, in most variable-metric applications work, the
constraints are treated by the quadratic penalty function, a
primitive device well-known to affect convergence rate ad-
versely and to magnify numerical errors. The combination of
penalty function and variable metric was explored in a 1966
paper,? which included various auxiliary devices to ameliorate
the adverse effects of penalty-function approximation. This
particular computational procedure has turned out to be a
reliable work-horse, and currently is in fairly wide use in day-
to-day applications work.

Efforts at adapting variable metrics to the standard alter-
native scheme for treating constraints, gradient projection,
proved straightforward, and immediately tractable only in the
case of linear constraints.? Variable-metric projection
schemes, making selective use of what amount to linear
penalty functions, eventually were developed for the case of
nonlinear constraints, and proved workable in limited tests.*>
This class of variable-metric scheme has seen only limited use
in complex applications, however, and is not yet highly
developed.

One suspects that current-state-of-the-art schemes are
costly and slow in comparison to what is possible. The focus
in the following is upon that class of problems in which
auxiliary vector-matrix computations are inexpensive in com-
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parison with the generation of function samples and gradien-
ts, as, for example, in aerospace trajectory-shaping problems.
Use is made both of penalty and projection ideas and various
other features of the algorithms of Refs. 1-10; the adjustment
of penalty coefficients represents the main innovation, and
the bulk of the discussion will be devoted to this.

Variable-Metric Gradient Process
with Linear-Plus-Quadratic Penalties

Consider an alternative to the problem of minimizing a fun-
ction f(x) (x an n-vector) subject to an m-vector equality con-
straint g(x) =0; namely, the minimization of the function f,
given by

S=r+e\+ VigKeT M)
which contains both linear and quadratic penalty terms. With
A=0 and the elements of the diagonal matrix ;> 0, one has
the quadratic penalty scheme®; large k values are needed in
this approach, not only to insure that the function adopted for
minimization actually possesses a minimum near the con-
strained minimum that is sought, but also to render the
magnitudes of the constraint violations lg;! small at the
minimum. '

Hestenes’ Method of Multipliers’ employs both linear and
quadratic penalty terms, with the quadratic terms viewed as
primary; the linear terms, missing in a first major iteration,
are introduced as auxiliarites to reduce constraint violations
and permit use of somewhat lower quadratic penalty coef-
ficients. The N vector for each major iteration, which consists
of a minimization of f, is taken in this algorithm as the value
of A+ Kg at the end of the preceding major iteration. Of cour-
se, any minimization algorithm can be used for the major
iterations but, for such unconstrained problems, DFP and its
relatives are highly competitive.

The algorithm examined in the following makes use of the
preceding form of f, including both linear and quadratic
penalty terms, However, the viewpoint taken is different from
the Method of Multipliers; namely, that the linear terms are
primary, and the quadratic ones are supplementary and
missing whenever advisable. The M-vector components will be
determined as the projection values every few cycles. The K
diagonal elements will be chosen generally, so as to provide
the second partial derivative matrix f,, with positive
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definiteness, but without the excessive margin traditionally
furnished by large quadratic penalty terms, which hinders
convergence. The linear penalty terms provide the means of
reducing constraint violations to zero in case the constraints
are compatible, i.e., the surfaces defined by g, =0 have an in-
tersection.

The two algorithms examined employ DFP! and its batch-
processor DFP modification® applied to f for major
iterations. They bear a resemblance to the Method of
Multipliers, differing from it in the determination of A and k&
values. They are similar for the first few cycles, during which
the diagonal K elements are assigned ‘‘moderately large”
positive values in the quadratic-penalty-function tradition.
The major iteration proceeds by variable metric for n cycles,
however, rather than all the way to a minimum.

The general idea of the quadratic-penalty-coefficient selec-
tion scheme is control of the eigenvalues of the second-partial-
derivative matrix

" m

fv.\‘ zfxx + E )\jgjxx + E kJ' (gjgfxx +gjx.rgjz) @
j=1 Jj=1

to produce positive-definiteness and a largest eigenvalue not
much exceeding the largest eigenvalue of f,, +g. M [illegal
notation, -but suggestive shorthand for the first two terms of
Eq. (2)]. One would like this not locally, with X the projection
value, but at the constrained minimum where the projection A
conicides with the Lagrange multiplier vector; however, it
would be difficult and expensive enough to calculate the local
second partials and the largest eigenvalue, and so a less direct
and more appropriate approach is taken. The following
scheme proposed takes advantage of the fact that there usualy
will be a large range of values for the k; meeting the
requirements, the lower limit determined by loss of
definiteness and/or excessive constraint violations, and the
upper limit related to the largest eigenvalue of f,, + g . \.

During the n cycles of each ‘‘batch,”” or major iteration,
second directional derivatives along the » directions of search
are estimated for the function f*=f+g\*, where A* is given
by

N=—(glHog) 'g{Hf\ 3

as the gradient-projection value; this varies from cycle to
cycle. H, is a full-rank n x n matrix, fixed during a batch. At
the constrained minimum sought, the value given by Eq. (3) is
equal to the Lagrange multipler vector for stationary f+gA\; it
is independent of the metric H, when evaluated at the con-
strained minimum.

For a step determined by the modified DFP algorithm as

Ax;=x;,,—x; i=1,--,n )]

the first and second derivatives in the direction are given by

e BN ®)
prre B ©
s

(Here the + superscript denotes evaluation at the i + 1 end of
a search segment.) The second derivative estimate correspon-
ds to cubic fit to /* and f*’ values at the endpoints. In com-
putations carried out with short word length or subject to ex-
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cessive round-off error, the simple difference-quotient ap-
proximation, which is the average of Egs. (7) and (8), may be
preferable.

In the vicinity of the constrained minimum sought, some of
the second directional derivatives of the function f*, which
approximates the first two terms of f, can be expected to be
positive as f,, + g\ possesses at least n-m nonnegative eigen-
values. The largest positive value determined over one or
several batches can be adopted as a guide for adjusting the
penalty coefficients, as it will fall in the range between zero
and the largest eigenvalue.

The second directional derivatives of f* in directions along
the constraint function gradients are not, in general, positive;
if they were, in a large enough neighborhood of the con-
strained minimum, the quadratic penalty terms might be
dispensed with. One set of requirements on the quadratic
penalty coefficients might be determined from second
derivatives of f in these directions, by requiring them to be
equal at the least to a guideline value.

Carrying this scheme out directly necessitates either special
probing operations in the directions of the constraint gra-
dients or the inference of equivalent information from the
function samples and gradients computed in the course of
minimization iterations. Both have been considered and in-
vestigated in a preliminary way, and a combination is recom-
mended for use. An estimate of the latter type for the penalty
coefficients k; is given by the maximum (over one or more
batches) of the values k;; given by

Bzf (Cﬁ r;;ax _.fi”)

k.= =2 i=1,~--,n

7 lgivi8i+8" 11! Jj=1-—-m ®
where
-
g =| A% Eiix i=1,--n
i 5=
Ax;| lgj,j\il j=1,—m (10)

Values are to be excluded from consideration when the two
terms of the denominator in Eq. (9) are opposite in sign and
nearly equal in magnitude; the same is true when (3, given by
Eq. (10), is smaller than some prescribed value, indicating
that the particular step Ax, was nearly in the tangent plane of
the constraint whose. quadratic penalty coefficient
requirement is being estimated. Here f=f+ g\, where X is the
value of the linear penalty A employed in the function fduring
the particular batch; a prime denotes the first derivative along
the direction of the step taken, a double prime the second
derivative. The expression (9) was obtained by requiring the k&
value be large enough to produce f” equal to the guideline
value ¢f*}.for B=1 and remain bounded for smallg-
(inasmuch as the denominator behaves like 82 for g=0 and (3-
small). Since it is desired that & estimates err on the high side,
the f values used should be the larger of the values at begin-
ning and end of the search segment for f*” and the smaller of
the two values for f”.

An additional candidate is introduced to cover the frequen-
tly-occurring contingency that all 8, are small over one or
more batches used in the selection, viz.,

k. = (Cf*rglla,\' —f*:ﬂn

Ji

g, an

where ¢ corresponds to the last cycle before k selection, and

min 18 taken as the smallest of the f*” values over a chosen
number of batches, or zero, whichever is the lesser. The
multiplicative constant ¢=1 in the guideline value of f*” in-
troduces a measure of conservatism to offset the possibility

that none of the candidate values of f*” in the maximization
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determining f*,. is really close to the largest eigenvalue of
fXX + gXXA*‘

Metric Adjustment

After determining the A and K elements anew at the begin-
ning of each major iteration, one would like to adjust the
variable-metric matrix H to account, at least approximately,
for the changes. The corrections are based upon the idea that
the A matrix emerging from the preceding major iteration ap-
proximates f-/ .. No correction is made for changes in the sum
A +Kg appearing in the second partials (2), since this sum ap-
proximates the Lagrange multiplier at the constrained
minimum when the g; are small.

Corrections for k; changes are done sequentially, using

H+AH=H- Ak;

T akglHg, |Tes&nH (12
&y iy

which accounts for changes in the last term of Eq. (2) via the
Schur identity.? Each increment Ak; is limited to some frac-
tion of the original or updated value k; so as to insure that the
denominator of the fraction in parenthesis remains positive
and does not nearly vanish,

Test Problem

The problem used for experiments employed a cubic in one
variable, x;, for f, and a quartic of the following form for the
single constraint function g-

f=x;+a;x3+a,x} (13)
g=x;—b;x5—b,x3—b;x} (14)

In the simplest case, used for functional checks of com-
puter programming, a,=a,=b;=0, b, >0, b, >0, the con-
straint surface is a paraboloid of elliptic crosssection, and the
minimum of the linear function fis attained at the origin. The
constraint function nonlinearity is an essential feature of the
well-defined constrained minimum. If a slighty negative value
of a, is introduced, one already has a problem for which no
minimum of f+ g\ exists at the constrained minimum, since
the Hessian matrix is indefinite and, accordingly, quadratic
penalty terms are essential. This is not quite enough com-
plexity for algorithm development, evaluation, and com-
parison, however, since f+gM\ is then quadratic and the
variable-metric projection schemes have too easy a time of it.
Hence, use of a,70 and b330 is attractive. It should be
noted that a large enough a, >0 precludes the appearance of
minima other than at the origin. The numerical values of the
coefficients used in the computational experiments were a7
=-107, a,=107%, b, =1, b, =102, b; =10"'; these offer a
modest challenge.

The starting point for the numerical computations of the
example was x, =10, x, =35, and x; =10. The multiplicative
constant ¢ used in Egs. (9) and (11) to designate the guideline
value of f*” was taken as unity in the comparison.

Table 1 Convergence comparison

Quadratic penalty> Number of cvcles

Algorithm coefficient k to convergence
DFP 10 105
DFP 10 58
DFP 10 24

Linear-quadratic
penalty/sequential
Linear-quadratic penalty/bat-
ch variable 21
Rosen-Kreuser (modified) projection 64
Kellev-Spever projection 72

variable 27
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Computational Comparison

In order to afford a basis for comparison, DFP. was run on
the example, with the quadratic penalty coefficient fixed at
several values and zero linear penalty coefficient. The first
three entries on Table 1 present these results for quadratic
penalty coefficients of 103, 102, and 10. At the minima found,
the constraint g =0 was not satisfied owing to the absence of
linear penalty terms, ‘boundary shifting,” or any other
palliative. The violations were found to be excessive for k<
10.

The next two entries in Table 1 are for sequential and
batch-processor versions of the algorithm described in the
preceding. The batch version was unaccountably better than
the sequential; usually, the sequential is slightly better with
fixed quadratic penalty when an accurate linear search is per-
formed.® The accelerated search of Ref. 9 was employed in all
of the computations presently reported, with a tight tolerance
employed for termination. The quadratic-penalty adjustment
procedure was restrained from changing the coefficient more
than an order of magnitude on any single adjustment. The
scheme brought the coefficient down into the range 10'<k
<10, a favorable range when the linear term is present to
avert large constraint violations.

The last two entries correspond to the variable-metric
projection algorithms of Refs. 5 and 4, respectively, the latter
slightly modified. These are reviewed in Appendices A and B
for the reader’s convenience.

An obvious temptation is smoothing of A values used on
successive batches by weighted averaging, heavily weighting
the new projection value when there is an indication of ac-
celerating convergence, as by drastic shrinkage in the
magnitude of the projected gradient vector during thé batch
just completed. The motivation for avoiding unduly large
fluctuations in linear penalty coefficients, of course, is that
changing the function being minimized taxes the machinery
for inferring the metric and the various second derivatives.

In the limited trials of this feature, to date, it has been
found that it generally enhances the smoothness and
“surefootedness’’ of the algorithm, although at slight expense
in convergence speed. The use of higher values of the constant
c=1,say 2, or even 10, has a similar effect.

Conclusions

The results are thought to indicate promise for the class of
algorithm combining linear and quadratic penalty adjustment
with variable-metric oprimization. More extensive testing ob-
viously is needed, including the large class of problems in
which the quadratic terms can be adjusted safely downward to
ZET0.

Appendix A: the Rosen-Kreuser
Projection Algorithm

After restoration of constraints, the gradients of f and g
and the projection multiplier vector are calculated and
designated f,, ., A at this batch-reference point x=%:

A=~ (8TH,8,) ~'¢THof, (A1)

The algorithm proceeds to minimize f+gh subject to the
linear constraint

£e(x=%))=0 (a2) -

by projecting the gradient of f+gh upon this constraint at
each step. The projection multiplier needed is

A== (gl Hog,) ~181H, (f +8.N) (A3)
A linear search is made in the direction
Ax= —aH(f, +8 A +EN) (A4)

to-a.one-dimensional minimum. On the first cycle A=0, but
not subsequently, except in special cases such as linearly con-
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strained problems. The metric H is updated sequentially by
the DFP formula, evaluated by use of the gradient of f+ g\:

H(Af +Ag M) (Af,— Ag M) TH

H+AH=H~— A .
(Af, + Ag M) TH(Af + 88 N)
AxAxT AS)
AXT (Af, + Ag M) (

After n-m cycles, H attains its limiting value for a quadratic

£, linear g model; hence n-m is a natural batch size. It would
seem generally more efficient to restore and relinearize after
each n-m cycles of DFP than to run to a minimum of f+gA as
proposed in Ref. 5. In fact, this feature encountered difficulty
in the numerical computations reported, and relinearization
each n-m cycles was the modification actually used.

Appendix B: the Kelley-Speyer
Projection Algorithm

The accelerated gradient projection process of Ref. 4 em-
ploys the formulas

Ax=—aH(f,+g.N) (B1)
A=—(glHg,) 'gTHf (B2)

with A recalculated every optimization cycle, which suc-
cessfully terminates on a one-dimensional minimum of f+ g,
with H updated by

AxAxT

AxT(Af + Ag M)

H+AH=H+

_ H(Af +AgN) (A + Mg M) TH -
(O + A2 N TH (A + Ag N
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which is the DFP formula applied to the linear combination-
f+g\; hence, this guarantees that / remains positive definite.
Constraint restorations are carried out after each op-
timization cycle. !°
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